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COHERENT TRANSITION RADIAY N OF CURRENTS
AND CHARGES 1

V. N. Tsytovich

Tramlated from Zhumal Tekhnicheskoi Fiziki, Vol. 31, No. 8,
pp. 923-935, August, 1961
Original article submitted October 19, 1960

It is shown that the coherent wransition radiadon of currents and charges can be responsible for a large

part of the elecromagnetic mass if %y = ¢/ wy (wy is the Langmouir frequency of the medium) becoines
comparable with the transverse dimensions of the bunch. The dependence of radiation intensity on the
longjtudinal dimensions of the bunch is also considered.

It has been shown by Ginzburg and Frank 1] that
the passage of a charge through a boundary which separ-
ates two media will, in general, give rise to so-called

wansition radiation; in the ultrareladvistic case

1

=TT > 1) this radiation is directed primarily
v

along the direction of motion of the charge. If multiple
scattering is neglected {2, 3] the intensity of the transi-
tion radiation is proportional 1o the energy of the charge
{3, 4.

Below, we consider the radiation produced by a
charge bunch; if the conditions for coherence are satis-
fied this radiation will differ from the sum of the radia-
tion due to the individual charges. Inasmuch as the ra-
diation is primarily in the forward direction in the ulua-
relativistic limit, only the longitucinal dimensioos of
the bunch enter into the coherence condition in this case,
Up to some critical dimension I, the intensity increases
in proportion to the squares of the number of particles in
the bunch; in other words, the radiation reaction force
acting on each particle in a bunch with dimensionssmall-
er than lc increases in proportion to the numnber of par-
ticles.

If the transverse dimensions a are comparable with
X -/ wy, uf =AW Ne?/m,the higher multipole moments
of the bunch become of importance in the transition ra-
diation and an expansion in multipole moments can not
be used. This analysis js carried out belew.

Interest in transition radiation of charge bunches
stems particularly from the possibility of using transition
radiation as a source for electromagnetic waves (53 if
the coherence condition is satisfied the intensity of the
radiation can be increased considerably.

The conerent effects associated with the passage of
a charge bunch through a medium were first pointed out
by Veksler {6] B. M. Bolotovskii has considered the co-

herent Cerenkov radiation for a charge buach [7];Moro-
zov, and later Bogdankevich [8], have also considered
the Cerenkov radiation due to cwrents. Up 10 the pres-
ent time, however, ccherent effects associated with tran-
sition throvgh a separ:iion boundary between two media
have not been considered,

The analysis cartied out by Bolotovskii ingicates
(hat the coherent radiation reaction force lcals 1o a wor-
sening of the cohercrce coadition: specificaliy, to an
elougation of the bunch so that the coherence condition
is violated after some rime intewval This saine result
has been obtained by Rabinovich and loganscn {31, who
have comsidered the coberent radiation of bunches in the
synchrotron, The physical basis of this effect lies in the
fact that because the radiation is directed forward, the
following particles experience a reaction force duve to
the particles which precede them but the convense fs rot
truc. As a result, the reaction force acting on an indi-
vidual particle in the bunch increases along the length,
and this leads to stretching and smearing of the bunch.

However, this result is not a universal one. In par-
ticular, in transidon radiation of bunches the coherence
effect can cause compression of the bunches. This fol-
Jows because the coherent force acting on an individual
particle in the bunch (as it passes through the boundary
separating two media) does not coincide with the radia-
tion reaction force because part of the work of the force
goes into "renormalization” of the electromagnetic mass
of the bunch. In other words, the electromagnetic mass
(energy of the clecromagnetic field) is different in dif-
ferent media with different & for a uniformly moving
bunch. In passing through the separation boundary, in
addition to finding radiation reaction forces, one expects
1o find additional forces which are associated with the
renormalization of the mass.

If sufficiently large cuerents are excited in the
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buncli, it is possible to arrive at a situation in which
compression takes place at both boundaries, i.e,, upen
ertrance to and exit from the medium,

Below, for this reason, we censider the radiation due
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to charge bunches and due to currents,

1, Trapnsition Radiation of Charge Bunches

The current density for a uniformly moving bunch
whose charge distribution is symmetric with respect to
the axis along which it moves is

Jr ==,
Q 4+ <
. LEEEE 2o 7 51 :
o J se ¢ dw | oo lkrydk. (1)

where J, is a Bessel function of zero order. It is also as-
suned that the charge density in the system moving with
the charge is a product of two factors which depend on

z and t scparately:
— ‘ .
P moi Smov(z) “rnov<r)’
0 L w

s s * smovgz)e'ﬂ"T 'dz,

“—:—j Uriolr) Jo (k) 2=ker dle. If the bunch is cylin-

it

drical with radius & and length I, then

'« ==2ma f (ka); s :-uisin -m-; pl
w

Y, T
» Ul__

4

where Q is the charge which passes through 4 unit area
ot the cross section, If the bunch has a cress section in
the form of a thin ring, then py = 2mak Jo (ak) g (K),
wiiere g (k) is o form factor which cuts off higher k of
order 1/1(r is the difference between the inner and out-~
€ radii of the ning), Q is the charge per unit length a-
round the cirele of radius a. Using Eq, (1), it is easy to
write the potentizls for the usual Lorentz gauge

A, ey
A M i e .
g | e e " sun ], (kr) dk dw, (2)
T ( - »f) €
v
where »7 m: I

W ow coasider the transition from vacuum to me-

e G the vacuuni, as in the wediwn, the ithomo-

» o aoletion of the potential equations will be of the

WOTe 0 e vacnunt, o . L
1

Here, ImAg > 0 (the medium is located in the region

2z =0). Similarly, we can write the free fiel in the vac-
uumn replacing &, by & and A, by A with the condition
ImX < 0, The boundary conditions at z = 0 allow us to
find & and &,

W
e —~ =} }
L ey R T
re — EL s . ‘o ' ’
TG == t /.,
v- v :
1 "U‘ - t }
( S e e V.
p‘ ---- eh o— ! w? .9 “ . l (6)
R e h
v : v

Because of symmeuy, the only non-vanishing force
component is

F‘ = {;,E‘Q:r([r ({I

(g—ef)

|s A,,Fe Solkrydikdordrdz,  (T)

A v

The work of the free field corresponds to losses due

to Cerenkov radiation and the radiation of longitudinal

waves, The transition effect is then connected with the
work of the free field, and in the medium

:() R TP , vy

Eo o= [ 0 s J e dide (9
Substituting Eq, (8) in Eq. (7) and integrating with

respect to time and r, we obtain the & -functions

S (w+ w') and & (k - k') which remove the integration

with respect to w' and k'

W, = fF,vdI

iO_’ J‘ E‘kl (!)svsm -_)”,id.odkdze‘(?g'“ —'“—’ I. (9)

Here we have made use of the obvious relaton
s o= s" The integration over z in B ( %) must be

-

carried out fromi 0 1o w, Taking Im)\e > (. we have

¢ T [
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take w »> ck because the radiation is primadly ia the

we=L000 - e [P oidwdk.

K (11)  farward direction, Then, as an approximatios we have
L 4 N - »
A= — 2 A, = except for the denominaton,
e ¢

“The form factor |s , | * allows us to investigate the

dependence of this work on the longirudinal dimensions which vanish if this holds,

of the bunch whereas p} allows us 1o study the effect of 1 i
the dimensions. We consider the ultrarelativistic 1imit ®, =~ ot T e o
;i* — At o )‘
1= \T':l_:f* > 1. In this case high frequencies are ex- . )
-: " - = B o, (12)
' ().' - ;) 3 Py ry - ot

cited and we may assume s —] =~ %: £ 1;
In the ultrarelativistic limit the work invacuum is
negligibly ssall compared with the work in the medium,

drNe: so that the total work is given by

. Furthermore, it is evident that we can

(‘)! _
"

g Y
S G I E et T

If the longitudinal dimensions are sufficiently small(cf. below) fo ol ? o 1and integration over w can be carried
out in elementary fashion by taking residues

dwdk. (13

o2

1 c? 1 1
—O’".j ki i ——awm 2| =y % dk.

’
0 wy / ™
[ (k2+ _ET) l/ b2 :;l

In this way we determine the coherent work done by the forces upon entrance into the medium for short bunches
with any distribution of charge over radius. In the case of a circular bunch p} = 4r2ai? (ka) g (k). The function
wkals (ka) at large values of ka behaves as 1 + cos(2ka + ¢) « 1[since the rapidly varying part of the integral in
EQ. (14) can be neglected]; at small values of ka this function goes as 7/4 (ka)! << 1, In other words, the main con-
wribution occurs when ka >> 1,and for making an estimate in (14) we can write l‘luﬁ(ka) = 1, carmrying out the inte-
gration over k 1o kmpjn > 1/a and kpax = 1/r [factor g* ()}

W, = (14)

c

k

] max
4] 1 " 1
| W . ~—4raQl dk — i F255 | 1 (15)
ooh wy h o, / w;
i '.in (k'+-;’_ l/ k’-‘-:i
whence,
N1 ;
Weon= —4raQ'y Weon=2%aQi =501 Q=—;,,. 0D
where N {s the number of particles in a bunch, e is the
x {— _’f_"j; e 4 - f_':’l S charge on an individual particle.*® In other words, the
/ . H /o, ol work is of order Am yc? where Am fs the electromagnet-
l‘/ b * "’ Fae ¥ 22 ic mass of the bunch, This same result applies for a cyl-
‘ indrical bunch if c/uy ~ a.
-+ C’_ k e 2 i');" _— ii. k oin In the other case ¢/uy >> a we can write Jg(ka)=1
" ma was c ®
i} 0

y'_.—.‘_——'—!
x / Wy c? c2
) Yo __ _ 1
‘/ K.+ a ) k., o3 K
i H

(16)

The optimum value of the work corresponds to
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2N2 ),
.y 1 2 @, :-—f 0 24
+2‘(‘% —7“1;—“_—1.-? :?"ezN‘Y_‘:!- (18) Ag 2ra T{l—'—lnzck-].}. 24
(ﬂo w
l/ k? 4 ;{o j In the other limiting case %5 >> a, Jo (ka) o 1

The last result coincides with the results obtained
in [3]. in which we must feplace the particle charge e
by the charge of a bunch Ne. The work in (18), corre-
sponding to a point charge, is smail compared with (17)
and represents a small fraction of the electromagnetic
mass multiplied by v,

Thus, the work due to forces on a charge bunch in-
creases appreciably when the dimensions of the bunch
become comparable with % = c/wp. This ako holds
true for transition radiation; o obtain the latter itis nec-
essary to determine the “renomnalization® of the mass,

We now find the difference in the energy of the
elecromagnetic field of the bunch in vacuum and in
the medium, In the medium we substitute in

¢
=g [Hdo+ L [ di[dok 29

the expression for the potentials (2)

. 0w | dodk
éz%gz \ kp:ls"z wd . 2
v (T—-*f)
| 2

3
“o } '3
2 (1"‘17)?&".& - w? -
r B | e [k
y (?’“"l-) (20)
In the ultrarelativistic lJimit we have
> 2 dwdk
=L\ kot ap (21)

(Gr=a)"

In order to renormalize the mass, we must subtract
the energy of the field in vacuum (A= A) from the en-
ergy of the field in the medium (21), For the case
I8 & 1% a1 we easily find

Q: 1 1
A<S:=~—21fp:kdk | 2
(k’+_m°_)

c2

When % << a, for the circular case we have

.llﬂ

88=2maQy | | —E Ll
w, .
k:ll ‘(kz-’,-_c_-;—)

Foe the optimum case kpjn << wy/ ¢ << kg

a8 = F;sz‘ — o, — 1| dk
(o )
=—e!N? 20 (25)
c

This result differs from the result in [3] in that the
particle charge e is replaced by the charge of the bunch
Ne. The intensity of the transition radiation is easily
found from the conservation law

e =4V , ¢ 26
— i [edo= G+ 2T (29)

We have

i

{; J. dtjs,do:-—dé’-— w. (27

In the case of interest, it follows from Egs. (17) and
(24) that
!Nt

— o 28
I= 2Ra ln27.0‘ (28)

where % = c/a,. It should be noted that the last expres-

sion differs from the original electromagnetic mass of
the bunch multplied by yc? only in the value under the
logarithm [in particular, in Eq. (28) we have a/2x,
rather than a/r ] If the medium is a thick plate the work
is conserved at the other boundary when the bunch leaves
the medium, We can find this quantity {f we assume
that the renormalization of the mass must appear with
opposite sign

N2

Wima6—1=—324(1+1n %), (o

For a thick plate, the total work at both boundaries
is equal w twice the intensity of the transition radiaton
(28) and fs greater than the electromagnetic mass of the
bunch muldplied by yc?, Le., the bunch, whose greatest
mass is eleciromagnetic, must be strongly retarded by
the radiation,t

2. Transition Radiation from Currents

In a bunch which contains charges of different sign
the existence of a current may provide stability of the
bunch and thereby increase the coherent effect; that is
tosay, a larger number of charges can be concentrated

t Here we are speaking roughly since the given motioa is
approximate to begin with,
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iar currents directed perpendicularly to the motion of

the bunch

jo=os | ve T do | udillryds ()
—_— [ ]

where s, characterizes the current distribution over
length while j i3 the distribution over radius

by —4 2
5, = j Jmol?) € 7 dz. In the moving system

a®
irow = mov(D) imov(Dijy = | 2vrky (1) ], (kr) dr.
°
For a cylindrical bunch of length 2 , the quantity
3  Is the form

’_‘w, )
- u)smw"

O ==

If the transverse cross section is a thin ring of ra-
dius a, then jy = 2xk J1(ak) g (k) where ] is the total
current and Jy is a Bessel function of the first kind.

The radiation due to the current is made up of the
contributions due to the radiation of the charge. The

ease 2011/12/14 : CIA-RDP80T00246A015600440001-0 -

From the boundary congluuis we nevs
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]

)

The seli fleld of the curreat does no work, The 1o~
tal work of the free field in the plasma and in the vac-

uwmn is obtained from ( 32). (33)

®

o= (39

W, = Sdt \ dvj E,
-—rd ':‘30

I 3 0t
= ‘“‘ﬁ’T‘j Lol TR0 dodk, (30
wak(h— o
w,= |t de j.E,
—00_ 20
b s tou
=-{i_ lo' jk ;———dmdk. (35)
wet(1=3)

For the coherent case | 3, |? « 1; in the ultrarela-
dvistic Umit we have

self field and the free field are of the form
2
@ wo
] . jr % . ¢ ~— —— T}
PR S L (L T T
R d o? vt
ol ]
1 o @ 1
AU AL
fr. __J . P\ g1—iwl 3 T e 36)
A = L [ hry @ g ke, (8 (
¢ W=W,+ WV,
similar considerations hold for the field in vacuum X & Jt w:
; R WL A—..
(Ae =\ &9 it Py BN I TN dodk.
(2 =) 00— )
R ———
The integration over frequency is elementary
1 ] /o 3
P P AV P — ,
W=y T 2:5‘ ‘/ k* +—3 k‘ e dk. (57)
(] / wo
1/ kt + ——
)
For a ring current, if % << a, hen jt o 4wak and Kpin << @/ © << Kmax
W =< 2ra %- . (38

In the present case the work is proporticnal to the cube of the energy of the
{t is apparent that (38) is approximately the electromagnetic mass mult-

¢ can write jj, = ax?at1} (ak) o 452248 and Eq. (37) yleMds

smength in the moving system Jmov is]y,
plied by -ycz.

In the other limiting case X >>a, W
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— s Y ‘
"P‘“c?' (kmu_"g

that is to say, a result corresponding o a magnetic mo-
ment u, The mass {s renormalized by substituting
Eq. (31) in Bq. (19):

% v c2 ct dwdk. (w)

In the ulmarelativistic Mmit, for |8, | =1 we
subtract from Fq, (40) the value in vacuum

e (iR 1
AE =53 \S_i‘-(m'_—?* —%1° (4
‘/k’-o—-i’-
ci
Or, when ¥ << a and % >> 1/Kmax:
Aé':—-!%zi nz—:;. (42)

The radiation intensity is found from the conserva-
tion law (27)

— ]"1
[=2ma S5 In 50 (49

where ¢ is the base of natural logarithms.

The quantity I differs from the electromagnetic
mass muluplied by 'yc.:x only in the sign of the logar-
ithm. I the current is close to the limiting value, l.e.,
if it corresponds to motion of the particles with

v, ~c¢ (/T ~ ;’::), the radistion {ntemsity of the
cwrent differs only slightly (logarithmically) from the
radtatdon imemsity of a charge. At exit from the medi-
vwm the work is determined from Eqs. (29), (42), and (43).
The total work for a thick plate is 2I. If, however,

Ny >, then the mass renormalzation is

Al =% Q4P \ ki | ——re +

W,
. l/ k2 + —c?'{

l/ k? 4 -

0y

1

—-2k——————~—,-— = dk
wo / w?
‘/ 2+ 2
, 2
) p=11zat, (39)
Aé‘:“szﬂa‘jk’ L I\
c? ol k
l/ kz li
g 4w
=pt 1(—1: +3 c") (44)

whence the radiation intensity of the magnetic mo-
ment

3
“g

15 Pt (45)

I=—-4 — W=
amounts to a small fraction of the electromagnetic mass
multiplied by yc?. Finally, attention is merited by the
fact that both Eqs. (43) and (28) are approximately the
same as the radiation due to fnstantaneous retardation,

To obtain the radiation produced by instantaneous retard-

ation, the quantities In(a/2e Xy)and In(a /2X9 mustbe re-
placed by In@/n).

3, Coherence Condjtion, Distribution of
Force over Bunch Length

We now consider the role of the coherence factor
s »» We can analyze charge bunches since the results are
the same for the cumrents, From BEqs. (13), (21), and (27)
the radiation intensity (when | Sy |® = 1) ts of the form

= wiQ® ks,
— Telne (\, w?
A —

e

The farm-factor | 3, | ? cun off frequencies above

dodk. (46)

W, = '_'11 ,where I is the length of the bunch in its own

reference system, Assume that the coherence condition
is only slightly violated. For a uniform distrfbution of

= gin = -
particles over length s, =~ sin Y with small dis
nxbances of the coherence conditdon, 3, is close to unity
[$a]®=1— 2 1:, and the reduction in radiation inten-
3 v

sity al, after substiturion of the last expression in Bq,(46)
and imegration over frequency, is found to be

1 4"(/= “ ) (4m
—[“ :3- l/ k+—£§—““k dk.

P e

—— —— — ——
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For conditions corresponding to the optimum case
comsidered above (kpin << Wh/c << kpay)

xa It SN I3
M=FQ i1 =Tmalyg: 9
(7
From a comperan with Eq. (28), we find that (48)
is small if
P <6} In 5. (49)

A more detailed calculation shows that up 0l ~ 2
there is no appreciable reduction in the coherence effect
for a wide class of particles length distributions so long
as the particle demsiry falk off apprectably at distances
of order I .

Equation (49) is the coherence conditon and has a
simple physical meaning. In any case, the cohesent ra-
diation {3 that for which the dimenaions of the bunch are
smalles than the shartest radiated wavelength, As is
well known, for ramition radiation the spectral density
is a weak logarithmic function of energy and extends up
to frequencies of order «y y, corresponding to the short-
ext wavelength X, /y. However, becawe of the Lorentz
contraction the bunch dimension is I/y. As a result,

We first consider the motion of the bunch intothe medium,

the cohereace condition (49) is independent of energy
y. 3 result which should be emphasised again,

If the coherence condition is not satisfled but the
inequality which is the inverse of (49) hols, we may s-
sume that the denominator in Eq. (46) {s independent of

WX
o 4
I“Qla‘ﬁ S dk - na2Qty . (50)
N k’(k’+:ﬁ)
P et

The last relation (50) is written for the condition
Kinin << W/ ¢ << kmay. We comider the distribution
of forces over the length of the bunch in the reference
system fixed in the bunch. When all the particles act
to produce the cusrent, the farce density is given by

fou=Fp.r, 2z);

pelr.2) _ Jgelri 7
e — J ’

o,{r, 2)=

that is

F,=QE, — /T H,,= QE, — 4L (11, + BE).(5D)

[4

Substituting Eqs. (8), (32) and (33) we find (Jc = Jy) fox a ring characterized by r = a in the medium

.-l
»

Qtit

.

F=% S s dodk

[}
min

g3

ST
(tl-—)\')c%(-:—:——): s-—e-}.)

2 (=p Sleen } (e 3 )it (= 3)
e .

(59

It will be apparent that w = 0 is pot & singularity of the integrand while the points w = % wy (6 = 0) lie in the
lower half plane of w. For the coherent case | 8y |* = 1 we need comider only linear terms in zc. We comsider the
ume tc = 0 when the bunch is divided in half by the boundary

Fe=F*(0)+ z,A".

(CL)

The integration over frequency is taken by closing the path in the upper half piane of the complex variable w(if the
path is closed in the lower half plane, it is necessary to take account of the integral over the branch cut along the

real axis); we find

'—l

ks

2k1 (b — B3k)

A'=2Q’S dk -

(3) (=

min
x

o2
K oatn

% 1
::‘// ’+%’—; k’=‘/k’+—:°—

Ap

2
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2
In the ultrarelativistic case - 2
A=—4Q" | Gy, (59

4

At 2Q! lec [{1—1‘ (14

, ER

k‘l
T afu(oe )] o

Eotn

If o = Q.. then

]
x ‘ dk{—---»-——(l-o—i—:;—ﬁ)} (56)
dl

The sign of AS determines whether the force acu
to contract or extend the bunch, It is apparent from
Bq, (55) that the charge and current act in opposite di-
rections, The charge tends to comract the bunch
( A§ < 0) while the current tends to extend it( Af > 0).
It follows from Eq, (56) that when Jc = Q¢ and xj ~Q
the buach can be contracted,

However, {f account is taken of the fact that the
seif forces are changed for the part of the bunch which
has peneurated into the mediwm and additional extend-
ing forces come into play (in accordance with the resulns
of B, M, Bolotovakif), the resulting forces are found to
corespond to extension, Actually, if in the expressiom
for the force (51) we substitute the self ficlds (2) and(X0),
for the linear term in Z in the same approximation
(Jc = Qc) we have

x

A

[ ] ———

Auelf =2Q I
..)

dk. (57

¥

Combining Hqs, (56) and (5T) we obtain a net exten-
stve forxce. Thiz exwension is stronger than the contrac-
tion. The latser follows from the distribution of forxces
ia the part of the bunch which has not entered the me-
dtam. Substituting the appropriate free fields in vacuumn
tn (51) gives the following linear term in xc;

8 e simarelativisic ltimit with | « Q. we obtats
» rewmacring fon <

———— - e—

LI

which is considerably greatex than the sum of (56) and
(57) because of the factor 7 We can find A for all
times t. < 0 then(B1. 53 corresponds o t¢ = 0) and find
that the time during which the conzacting force oper-

ates s of order ¢, ..;i;_’., that is to say, it contains

v cemee

y' in the denominator,

If the bunch travel through a thick layer then the
basic retarding force operates at exit; at entrance the
radiating bunch is accelerated because of mass renarmal-
fzatjon, This acceleradon is terminated by the retard-
ation upon exit so that the resulting energy loss can be '
greater than the electromagnetic mass of the bunch, as
we have noted above,

For this reason great interest attaches to the deformation

of the bunch upon exit from the medium, If the same

conditions as given above are satisfied and ] « Qc, the .

exit of the bunch is accompanied by compression both in

the medium and in the vacuum, Substitution of the ap-

propriate fields in(51) gives: §
In the medium (y >> 1) ‘

2
Ar=9Q | ek

there is a strong compression ~ 7’ which acts for a small

tine interval

t ~
comp wo?
2) In the vacuum (y > 1)

1
k’+°2-

.ﬁ ‘/k‘-o-_'_ k""?

thete is a relatively small compressive force which acu

l'\/__. Q’"

(61)

dolals,

1
the bunch ~ —
on the bunch for a comidesable greates time ({, o ) .
In conclmion, I wish to take this opportunity to thank
V. L Veloler for his helpful discwsions of these problems;
Iam also. indebted to V, L, Ginsbwyg, M. 8. Rabinovich,
and B. M. Bodlotovskii for valuable commenm ou this work.
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